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= (L f f +Mh f −M f c)ia_HF + (M f b −M f c)ib_HF

Um_HF
TF
= sLm
TF
im_HF
TF 
)LJ௒(TXLYDOHQWFLUFXLWDQGSDUDPHWHUVZLWKWXUQIDXOW

-(QJ9RO,VVSS
7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ1RQ&RPPHUFLDO/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\QF

ZKHUHim_HFTF = [ia_HF ib_HF ic_HF ]T
Lm
TF
=
L + A(L f f +Mh f ) M + AM f b M + AM f b
M + B(L f f +Mh f ) L + BM f b M + BM f c
M + C(L f f +Mh f ) M + CM f b L + CM f c
A = −
−2(Mh f + L f f ) +M f b +M f c)
3L f f
B =
(Mh f + L f f ) − 2M f b +M f c
3L f f
C =
(Mh f + L f f ) −M f b − 2M f c
3L f f
+LJKUHVLVWDQFHIDXOWFRQGLWLRQV
:KHQD+5&IDXOWRFFXUVWKHPDFKLQHZLQGLQJVFDQEHPRGHOOHG
ZLWK DQ DGGLWLRQDO UHVLVWRU ǻ5 FRQQHFWHG WR WKH IDXOWHG SKDVH
ZLQGLQJDVVKRZQLQ)LJDVVXPLQJWKDWWKHIDXOWRFFXUVLQSKDVH
$ 7KH SKDVH YROWDJH HTXDWLRQV LQ WKH +5& FRQGLWLRQ FDQ EH
H[SUHVVHGDV
Us
HRC
= Rs
HRC
im
HRC
+ Ls
HRC
dim
HRC
/dt + es
HRC 
ZKHUH
Us
HRC
= [uam ubm ucm]
T
, im
HRC
= [ia ib ic ]
T
,
es
HRC = [ea eb ec]
T
Ls
HRC
=
L M M
M L M
M M L
, Rs
HRC
=
R + ΔR 0 0
0 R 0
0 0 R
:LWKWKHVDPHFRQVLGHUDWLRQDQGWKHVDPHFLUFXLWFRQILJXUDWLRQ
RI WKHDGGLWLRQDO UHVLVWRUQHWZRUN WRJHQHUDWH WKHDUWLILFLDOQHXWUDO
SRLQW P VKRZQ LQ )LJ  WKH H[SUHVVLRQ RI WKH PHDVXUHG SKDVH
YROWDJHVDJDLQVWPLVVKRZQLQ
Um
HRC
= Rm
HRC
im
HRC
+ Lm
HRC
dim
HRC
/dt + em
HRC 
ZKHUH
Um
HRC
= [uam ubm ucm]
T
, em
HRC = [ea − e¯ eb − e¯ ec − e¯]
T
,
Rm
HRC
=
R +
2
3
ΔR 0 0
0 R −
1
3
ΔR 0
0 0 R −
1
3
ΔR
,
Lm
HRC
=
L −M 0 0
0 L −M 0
0 0 L −M
= (L −M)
1 0 0
0 1 0
0 0 1
$IWHU WKH VLPSOLILFDWLRQ DQG QHJOHFW RI EDFN(0) DQG UHVLVWLYH
LPSHGDQFH DW KLJK IUHTXHQF\ WKH UHODWLRQVKLS EHWZHHQ WKH KLJK
IUHTXHQF\ YROWDJHV DQG KLJKIUHTXHQF\ FXUUHQWV LV H[SUHVVHG LQ

Um_HF
HRC
= Lm
HRC
dim_HF
HRC
/dt = sLm
HRC
im_HF
HRC 
ZKHUH
Um_HF
HRC
= [uam_HF ubm_HF ucm_HF]
T
, im_HF
HRC
= [ia_HF ib_HF ic_HF]
T
௑)DXOWGHWHFWLRQDQGFODVVLILFDWLRQ
&RPSDULQJ WKH KLJKIUHTXHQF\ YROWDJH DV LQ  DQG  LW LV
DSSDUHQW WKDW WKHGLIIHUHQFH OLHV LQ WKH LQGXFWDQFHPDWUL[)RU WKH
+5& IDXOW FRQGLWLRQ WKH LQGXFWDQFH PDWUL[ LV LGHQWLFDO WR WKDW LQ
KHDOWK\ FRQGLWLRQV EHLQJ V\PPHWULFDO DQG FKDUDFWHULVHG E\ WKH
V\QFKURQRXV LQGXFWDQFH 7KLV LPSOLHV WKDW WKH UHODWLRQVKLSV
EHWZHHQ KLJKIUHTXHQF\ YROWDJHV DQG WKH FRUUHVSRQGLQJ KLJK
IUHTXHQF\FXUUHQWVDUHLGHQWLFDOIRUWKUHHSKDVHVLQWHUPVRISKDVH
VKLIW DQG PDJQLWXGH UDWLR UHJDUGOHVV RI ZKHWKHU WKH YROWDJHV DUH
V\PPHWULFDO RU QRW )RU WKH FRQYHQLHQFH RI GDWD SURFHVVLQJ WKH
UDWLR RI WKH 506 YDOXHV RI WKH KLJKIUHTXHQF\ YROWDJH DQG KLJK
IUHTXHQF\FXUUHQWLHWKHKLJKIUHTXHQF\LPSHGDQFHLVFDOFXODWHG
WRUHSUHVHQWWKHLUUHODWLRQVKLSVKRZQLQZKHUH[\GHQRWHVD
E DQGF DQG UPVGHQRWHV WKH506YDOXH)URP WKHDQDO\VLV WKH
WKUHHSKDVHKLJKIUHTXHQF\LPSHGDQFHVVKRXOGUHPDLQHTXDOLQWKH
+5& IDXOW FRQGLWLRQ DV WKH\ DUH LQ KHDOWK\ FRQGLWLRQ VKRZQ LQ
 +RZHYHU DV WKH V\PPHWU\ DW WKH IXQGDPHQWDO IUHTXHQF\ LV
EURNHQGXH WR WKH+5& IDXOW WKHYROWDJHPRGXODWLRQ LQGH[HV DUH
GLIIHUHQW DPRQJ WKH WKUHH SKDVHV $V WKH VSHFWUXP RI WKH RXWSXW
3:0 YROWDJHV DUH GHSHQGHQW RQ WKH PRGXODWLRQ LQGH[ ERWK WKH
KLJKIUHTXHQF\YROWDJHVDQGFXUUHQWVDUHQRORQJHULGHQWLFDOLQWKH
WKUHHSKDVHV
Zx_HF =
ux −HF
rms
ix −HF
rms 
Zx_HF = Zy_HF 
)RUWXUQIDXOWFRQGLWLRQVWKHLQGXFWDQFHPDWUL[VKRZQLQGRHV
QRW KDYH WKH VDPH FKDUDFWHULVWLF :LWK WKH SDUDPHWHUV REWDLQHG
IURP ILQLWH HOHPHQW DQDO\VLV WKH UHODWLRQVKLS EHWZHHQ WKH KLJK
IUHTXHQF\YROWDJHVDQGFXUUHQWVFDQEHHYDOXDWHG8QOLNHWKH+5&
IDXOW FRQGLWLRQV WKH KLJKIUHTXHQF\ LPSHGDQFHV LQ HDFK SKDVH
FDOFXODWHG LQ WKH WXUQ IDXOW FRQGLWLRQV DUH XQHTXDO WR HDFK RWKHU
7KXVDWXUQIDXOWLQWURGXFHVDV\PPHWU\LQWRERWKWKHIXQGDPHQWDO
DQG KLJKIUHTXHQF\ FRPSRQHQWV &RQVHTXHQWO\ DSDUW IURP WKH
KLJKIUHTXHQF\ LPSHGDQFH WKH KLJKIUHTXHQF\ YROWDJHV DQG
FXUUHQWVDOVRGHYLDWH IURPHDFKRWKHUDPRQJ WKH WKUHHSKDVHVGXH
WRWKHDV\PPHWULFDOPRGXODWLRQLQGH[HV
%DVHG RQ WKH IRUHJRLQJ DQDO\VLV WKH IHDWXUHV RI PRGXODWLRQ
LQGH[HV KLJKIUHTXHQF\ YROWDJHV KLJKIUHTXHQF\ FXUUHQWV DQG
KLJKIUHTXHQF\ LPSHGDQFHV DPRQJ WKH WKUHH SKDVHV DUH VKRZQ LQ
7DEOH
)URP7DEOHLWLVHYLGHQWWKDWE\DSSO\LQJWKHIHDWXUHVRIKLJK
IUHTXHQF\FXUUHQWV D WXUQ IDXOW RU+5& IDXOW FDQEHGHWHFWHGEXW
FDQQRW EH GLVWLQJXLVKHG %\ DSSO\LQJ WKH IHDWXUHV RI WKH KLJK
IUHTXHQF\LPSHGDQFHWKHVHWZRW\SHVRIIDXOWFDQEHFODVVLILHG7R
)LJ௒6SHFWUXPRIWKHYROWDJHXDP

)LJ௒(TXLYDOHQWFLUFXLWDQGSDUDPHWHUVZLWKKLJKUHVLVWDQFHFRQQHFWLRQ
IDXOW

 -(QJ9RO,VVSS
7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ1RQ&RPPHUFLDO/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\QF
DYRLG GHSHQGHQF\ RQ WKH PDFKLQH SDUDPHWHUV DQG RSHUDWLQJ
FRQGLWLRQV WKH IDXOW LQGLFDWRUV DUH GHILQHG DV WKH UDWLRV RI WKH
VHOHFWHG YDULDEOHV EHWZHHQ WZR SKDVHV VKRZQ LQ  DQG 
%DVHGRQ7DEOH WKH IHDWXUHVRI WKH UDWLRV LQ WKHKHDOWKDQG WZR
GLIIHUHQW IDXOWFRQGLWLRQVDUHVKRZQLQ7DEOH%\H[DPLQLQJ WKH
UDWLRVWKHVHWZRW\SHVRIIDXOWVFDQEHGHWHFWHGDQGFODVVLILHGZLWK
WKHIORZFKDUWVKRZQLQ)LJ$VDWXUQIDXOWQHHGVWREHGHWHFWHG
PRUH VZLIWO\ WR DYRLG VLJQLILFDQW GDPDJH DQG WKH GHYLDWLRQ RI
LPSHGDQFHUDWLRIURPLVHYDOXDWHGILUVW,ILWLVXQHTXDOWRWKHQ
WKHWXUQIDXOWFDQEHGLDJQRVHGLPPHGLDWHO\,IQRWWKHQFKHFNWKH
UDWLRV RI 506 KLJKIUHTXHQF\ FXUUHQWV WR GHWHUPLQH ZKHWKHU WKH
PDFKLQHLVKHDOWK\RUDQ+5&IDXOWKDVRFFXUUHG
ki_xy =
ix −HF
rms
iy −HF
rms
, x ≠ y 
kZ_xy =
Zx_HF
Zy_HF

௑6LPXODWLRQUHVXOWV
7KH PDFKLQH XQGHU VWXG\ LV D WKUHHSKDVH 630 PDFKLQH ZLWK 
VORWVDQGSROHSDLUV7KHPDLQGHVLJQDQGRSHUDWLRQDOSDUDPHWHUV
DUHVKRZQLQ7DEOH7KHPDFKLQHLVFRQWUROOHGE\DQRXWHUVSHHG
ORRS DQG WZR LQQHU FXUUHQW ORRSV LQ WKH GT UHIHUHQFH IUDPH 2QH
WXUQVKRUWFLUFXLW IDXOW LV LQMHFWHG LQSKDVH$ WR UHSUHVHQW WKH WXUQ
IDXOWFRQGLWLRQVDQG(팂?H[WUDUHVLVWRULVDGGHGWRWKHZLQGLQJRI
SKDVH$WRUHSUHVHQWWKH+5&IDXOWFRQGLWLRQV
)LJVKRZVWKHGHWHFWLRQUHVXOWRIWKH506FXUUHQWVUDWLRVDQG
KLJKIUHTXHQF\ LPSHGDQFH UDWLRV LQ KHDOWK\ +5& IDXOW DQG WXUQ
IDXOWFRQGLWLRQV7KHPDFKLQHRSHUDWHVDW(팀rPLQZLWKDORDGRI
(팀A FXUUHQW LQLWLDOO\ $W (팀s (팂? DGGLWLRQDO UHVLVWDQFH LV
DFWLYDWHG LQ SKDVH $ WR VLPXODWH WKH +5& IDXOW FDXVHG E\ SRRU
FRQWDFW7KLVIDXOWLVUHPRYHGDW(팀sZKHQRQHWXUQIDXOWLQSKDVH
% LV LQMHFWHG DQG ODVWHG XQWLO (팀s ,W VKRXOG EH QRWHG WKDW WKH
GHWHFWRU RXWSXWV UHSUHVHQWV WKH SURFHVVHG VLJQDOV SURSRUWLRQDO WR
WKH 506 YROWDJH DQG FXUUHQW DQG WKH LQLWLDO GHYLDWLRQV RI WKH
FXUUHQWDQG LPSHGDQFH UDWLRV IURPDUHFDXVHGE\ WKHGHOD\ LQ
WKH506FRPSXWDWLRQ
,W LV HYLGHQW WKDW GXULQJ WKH KHDOWK\ VWDWH WKH 506 KLJK
IUHTXHQF\FXUUHQWV LQ WKH WKUHHSKDVHVDUHDOPRVW LGHQWLFDO VRDUH
WKH KLJKIUHTXHQF\ LPSHGDQFHV +HQFH ERWK WKH UDWLRV EHWZHHQ
WZR DGMDFHQW SKDVHV DUH  :KHQ DQ +5& IDXOW RFFXUV WKH 506
FXUUHQWVDUHGLIIHUHQWIURPHDFKRWKHUOHDGLQJWRWKHUDWLRVXQHTXDO
WR+RZHYHUWKHLPSHGDQFHUDWLRVDUHKDUGO\DIIHFWHGUHPDLQLQJ
FORVHWRWKHUHIHUHQFHYDOXHRI:KHQDWXUQIDXOWRFFXUVERWK
WKHUDWLRVRIWKH506FXUUHQWVDQGWKHKLJKIUHTXHQF\LPSHGDQFHV
GHYLDWH IURP7KXV LW LV FRQYHQLHQW WRGHWHFW DQGFODVVLI\ WKH
WZRIDXOWVEDVHGRQWKHWZRUDWLRV
7KHHIIHFWVRIWKHWUDQVLHQWVWDWHRQWKHUDWLRVDUHDOVRH[DPLQHG
E\ VLPXODWLRQ ,Q WKLV FDVH WKH PDFKLQH RSHUDWHV LQLWLDOO\ DW (?
UPLQZLWKWKHFXUUHQWRI(팀A$W(팀sDVWHSFKDQJHRIFXUUHQW
IURP  WR (팀A WDNHV SODFH IROORZHG E\ DQ LQFUHDVH LQ VSHHG
IURPWR(팀rPLQEHWZHHQDQG(팀sDVVKRZQLQ)LJ
7KH+5&IDXOWLVDFWLYDWHGIURPWR(팀sZKHUHDVWKHWXUQIDXOW
LV DFWLYDWHG IURP  WR (팀s 7KH GHWHFWLRQ UHVXOWV DUH VKRZQ LQ
)LJ,WFDQEHVHHQWKDW WKHUDWLRVRI WKHKLJKIUHTXHQF\FXUUHQW
DQGLPSHGDQFHDUHQRWDIIHFWHGE\WKHFXUUHQWVWHSFKDQJHRUVSHHG
7DEOH(? )HDWXUHVFRPSDULVRQLQKHDOWK\DQGIDXOW
FRQGLWLRQV
+HDOWK\FRQGLWLRQ +LJKUHVLVWDQFHIDXOW 7XUQIDXOW
V\PPHWULFDO
PRGXODWLRQLQGH[
DV\PPHWULFDO
PRGXODWLRQLQGH[
DV\PPHWULFDO
PRGXODWLRQLQGH[
ux_HF
rms = uy_HF
rms ux_HF
rms ≠ uy_HF
rms ux_HF
rms ≠ uy_HF
rms
ix_HF
rms
= iy_HF
rms
ix_HF
rms
≠ iy_HF
rms
ix_HF
rms
≠ iy_HF
rms
Zx_HF = Zy_HF Zx_HF = Zy_HF Zx_HF ≠ Zy_HF

7DEOH(? 5DWLRVRI506FXUUHQWVDQGKLJKIUHTXHQF\
LPSHGDQFHLQKHDOWK\DQGIDXOWFRQGLWLRQV
+HDOWK\FRQGLWLRQ +LJKUHVLVWDQFHIDXOW 7XUQIDXOW
ki_xy = 1 ki_xy ≠ 1 ki_xy ≠ 1
kZ_xy = 1 kZ_xy = 1 kZ_xy ≠ 1

)LJ௒)DXOWVGHWHFWLRQDQGFODVVLILFDWLRQVWHSV

7DEOH(? 'HVLJQDQGRSHUDWLRQDOSDUDPHWHUV
0DFKLQHWRSRORJ\VXUIDFHPRXQWHGIUDFWLRQDOVORWSHUSROH
QXPEHURISROHSDLUV 
QXPEHURIVORWV 
D[LDOOHQJWKDFWLYHPP 
RXWHUGLDPHWHUH[FOXGLQJFDVHPP 
QXPEHURIWXUQVSHUFRLO 
QXPEHURIFRLOVSHUSKDVH 
PD[LPXPEDVHVSHHGVUPLQ 
SHDNFRQWLQXRXVWRUTXHV1P 
WRUTXHFRQVWDQW1P$SHDN 
HIILFLHQF\DW(팀rSP1P 
FRQWLQXRXVFXUUHQW$SHDNUPV 
PD[LPXPFXUUHQW$SHDNUPV 
SKDVHUHVLVWDQFHDW&Pȍ 
V\QFKURQRXVLQGXFWDQFHP+ 
IOX[OLQNDJHSHUSKDVHP:E 
EDFN(0)FRQVWDQW9SHDNVUDG 

)LJ ௒ 5HVSRQVHV RI KLJKIUHTXHQF\ FXUUHQWV UDWLRV DQG KLJKIUHTXHQF\
LPSHGDQFHUDWLRVLQKHDOWK\+5&IDXOWDQGWXUQIDXOWFRQGLWLRQV

-(QJ9RO,VVSS
7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ1RQ&RPPHUFLDO/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\QF

YDULDWLRQLQKHDOWK\FRQGLWLRQ7KXVDIDOVHDODUPLVXQOLNHO\WREH
WULJJHUHG E\ WUDQVLHQW VWDWHV $OVR ZKHQ IDXOWV RFFXU GXULQJ
WUDQVLHQW VWDWHV WKH\ FDQ VWLOO EH GHWHFWHG DQG FODVVLILHG
VXFFHVVIXOO\PDNLQJWKHGHWHFWLRQDQGFODVVLILFDWLRQPRUHUHOLDEOH
DQGUREXVW
௑&RQFOXVLRQV
$ QHZ GHWHFWLRQ DQG FODVVLILFDWLRQ DOJRULWKP IRU WXUQ IDXOW DQG
+5& IDXOW FRQGLWLRQV EDVHG RQ KLJKIUHTXHQF\ LPSHGDQFH DQG
KLJKIUHTXHQF\3:0ULSSOHFXUUHQWKDVEHHQGHVFULEHG,WKDVEHHQ
VKRZQ E\ WKHRUHWLFDO DQDO\VLV WKDW D WXUQ IDXOW JLYHV ULVH WR
DV\PPHWULF KLJKIUHTXHQF\ LPSHGDQFHV LQ D WKUHHSKDVH 630
PDFKLQHZKLOHWKUHHSKDVHV\PPHWU\LVPDLQWDLQHGXQGHUDQ+5&
IDXOW 7KLV GLIIHUHQFH WRJHWKHU ZLWK KLJKIUHTXHQF\ 3:0 ULSSOH
FXUUHQWVLVXVHGIRUWKHIDXOWGHWHFWLRQDQGFODVVLILFDWLRQ7KHXWLOLW\
DQG HIIHFWLYHQHVV RI WKH DOJRULWKP DUH GHPRQVWUDWHG YLD WKH
VLPXODWLRQVRQDWKUHHSKDVH630GULYH
௑$FNQRZOHGJPHQWV
7KLVZRUNLVVSRQVRUHGLQSDUWE\WKH8.(QJLQHHULQJDQG3K\VLFV
5HVHDUFK&RXQFLO(365&WKURXJK3K'VWXGHQWVKLSDQGLQSDUWE\
5ROOV5R\FHSOFWKURXJK,QGXVWULDO&DVH$ZDUG
௑5HIHUHQFHV
>@ =KX=4+RZH'µ(OHFWULFDOPDFKLQHVDQGGULYHVIRUHOHFWULFK\EULGDQG
IXHOFHOOYHKLFOHV¶3URF,(((SS±
>@ &KDX .7 &KDQ && /LX & µ2YHUYLHZ RI SHUPDQHQWPDJQHW EUXVKOHVV
GULYHV IRU HOHFWULF DQG K\EULG HOHFWULF YHKLFOHV¶ ,((( 7UDQV ,QG (OHFWURQ
SS±
>@ =KDQJ 3 'X < +DEHWOHU 7* HW DO µ$ VXUYH\ RI FRQGLWLRQ PRQLWRULQJ
DQGSURWHFWLRQPHWKRGV IRUPHGLXPYROWDJH LQGXFWLRQPRWRUV¶ ,(((7UDQV
,QG$SSOSS±
>@ *UXELF 6 $OOHU -0 /X % HW DO µ$ VXUYH\ RQ WHVWLQJ DQG PRQLWRULQJ
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